Abstract: We present a new approach to obtain superresolved images in digital holography by means of synthetic aperture generation using common-path interferometry and off-axis illumination in optical imaging systems. The paper includes two parts. First, we present a simple approach to double the resolution of an optical system using tilted illumination onto the object and an optical element in the image plane to produce the holographic recording. Then we present a novel approach consisting of attaching a diffraction grating in parallel together with the object in the input plane and using off-axis illumination provided by a Vertical Cavity Surface Emitting Lasers (VCSEL) array to allow us achieving a major improvement in the optical resolution limit with an extremely low penalty in the complexity of the resulting system. Experimental investigation based on commercial microscope objectives is presented.
Introduction
Over the years, there had been many attempts to improve the resolving power of optical imaging systems beyond the Rayleigh resolution limit but all of them have involved severe modifications of the physical imaging system and often time consuming post processing algorithms. In principle, the numerical aperture (NA) and the wavelength of the illumination light determine the diffraction cutoff frequency of optical imaging systems, up to a maximum resolution of λ/2. This limit can only be surpassed by coupling evanescent waves, as in near field microscopy [1] , or by using strong non-linearities at subwavelength scale [2] . A conventional optical system acts as a low pass filter for spatial frequencies and the image is band limited in the frequency domain. One can improve the resolution limit using larger NA aperture optical systems, but this procedure is costly and is not always possible (for example when large field or long working distance is required). In this sense, many methods have been applied to produce synthetic aperture enlargement without changes in the physical properties of the imaging system [3, 4] . All of those methods can be understood by means of the information capacity theory [5] [6] [7] , which gives us an invariance theorem for the number of degrees of freedom of an optical system. This theorem states that it is not the spatial bandwidth but the information capacity of an imaging system that remains constant. Thus, it is possible to extend the spatial bandwidth by encoding-decoding the additional information onto the unused parameters of the imaging system if one knows a priori information about the object. Some examples of this a priori information are that the object may be restricted in shape [8, 9] , or time [2, [10] [11] [12] [13] [14] , polarization [15, 16] or wavelength [17] . Time multiplexing can be implemented in a variety of ways, most of them involving structured illumination, such as illumination through a physical grating [10] [11] [12] or optically generated gratings [13, 18] . Other methods [19] [20] [21] [22] [23] [24] involve off-axis illumination, interferometric image plane recording and post processing stage to achieve superresolution effect with temporally restricted objects. These methods use incoherent light and the encoding of information is implicitly made on the coherence of the source [19] . As a main advantage, most objects can be considered as static in practice, provided that their time variation is slower than the coherence time of the source. The major weakness is the need to split the input illumination beam into two beams: one used to illuminate the object in the input plane (imaging beam) and the other one is required to perform the interferometric recording onto the image plane (reference beam). Thus, dual-arm interferometric architectures like Michelson and Match-Zender interferometers were used. In this paper, we present a novel technique where common-path interferometry (CPI) combined with off-axis illumination incoming from a two-dimensional (2-D) VCSEL array are used to achieve superresolution in the field of digital holographic microscopy.
The use of CPI, such as the shearing interferometer or the polarization interferometers, had been proposed mainly to retrieve the phase information [25] [26] [27] [28] [29] . Our proposed optical setup extends the capabilities of the CPI to the field of superresolution. This novel alternative involving the CPI implementation is applied in the superresolution techniques that use offaxis illumination to produce a synthetic aperture enlargement. Moreover, we had taken advantage of the CPI optical setup to illustrate two superresolution approaches, both of them under coherent illumination but with different resolution improvement. In the first one, a modest resolution gain factor of 2 is demonstrated while the optical setup is extremely simple and it becomes easy-to-implement in real microscopic optical systems. We will denote this first approach as "superresolution by shared image". In the second approach that we present in this work, that we coin "superresolution by CPI", an arbitrary resolution gain factor can be achieved. Experimental results are provided in both cases, with resolution gains by a factor of 2 and 3 respectively.
The paper is organized as follows. Section 2 gives us a mathematical analysis of the theoretical optical setup taking a 4f optical processor as theoretical imaging system in order to simplify the analysis and for the general case of superresolution by CPI. Section 3 presents the experimental results for the case of superresolution by shared image as a particular case of the mathematics developed in the previous section. Section 4 provides the experimental results for the superresolution by CPI approach. Finally Section 5 concludes the paper.
Mathematical analysis of the optical setup.
The concept of the proposed method can be easily understood through the optical setup shown in Fig. 1 . For simplicity, let us assume that the imaging system has a 4f optical processor configuration to show the performance of the proposed approach. Thus, the input amplitude distribution is placed in the object focal plane of the first lens L1 and an image of the input plane is obtained in the image focal plane of the lens L2. A circular aperture with radius of Δν is positioned in the Fourier plane of the experimental setup to limit its resolution. At the output plane, a CCD is used to record the intensity distribution that is transmitted through the imaging system. Light, coming from the 2-D VCSEL array passes through a collimation lens L c and produces a set of parallel beams with different orientations that illuminate the input plane. In the presented approach, the VCSEL elements in the 2-D array are turned on sequentially.
Two contiguous regions compose the input plane. An object, which is represented by its amplitude distribution function f(x,y), is placed side by side with a 2-D diffraction grating having basic frequency of ν 0 in both x and y directions. Without lose of generality we assume that this grating (reference grating) has the same number of diffraction orders the VCSEL sources in the 2-D array. Now, if we consider the light incoming from a single VCSEL source [at coordinates given by the indexes (k,l)], a tilted and collimated beam impinges the input plane, so the amplitude distribution at this plane is
while (x,y) being the spatial coordinates, (m,n) the diffraction order of the reference grating, and NxN the number of VCSEL sources in the 2-D source array. In the Fourier plane of the imaging system, a Fourier transformation of the input amplitude distribution is performed and multiplied by the transmittance of the limiting circular pupil ( )
,
where (u,v) are the spatial-frequency coordinates and ρ is the polar coordinate in the frequency domain defined as 2 2 u v ρ = + . At this point, two considerations are needed in order to adjust the experimental setup. On one hand, by properly adjusting the separation between the VCSEL sources in the 2-D array, the shift in the object's spectrum ensures the transmission of contiguous frequency band pass through the circular system aperture. This condition reads:
On the other hand, the basic frequency ν 0 of the reference grating must be twice the radius of the circular limiting aperture (ν 0 = 2Δν) in order to perform the transmission of one diffraction order for each VCSEL source
Under those conditions [(3) and (4)], Eq. (2) can be rewritten as ( )
Then, the second lens of the 4f optical processor performs another Fourier transformation and the following amplitude distribution is generated in the output plane But both terms in Eq. (6) are not overlapping because they are coming from different regions in the input plane. Thus, in order to produce the interference process between them, a second diffraction grating is placed between the lens L2 and the output plane. Let us call this second diffraction grating as imaging grating. For simplicity, the imaging grating is chosen to be one-dimensional and it produces multiple images in the output plane with a lateral shift that depends on the ν I basic frequency of the imaging grating and the distance d' between the imaging grating and the output plane. This situation is depicted in Fig. 2 . By means of the axial displacement of the imaging grating, the images corresponding to the uniform term and the object term [Eq (6)] can be overlapped. Then, by placing the CCD in the overlapping region, formed by the 0 and -1 diffraction orders of the imaging grating (see Fig. 2 ), the following intensity distribution can be recorded Equation (7) provides four terms when square modulus is expanded. Let's name this four terms as: ( )
where * denotes correlation. 
Taking a look on Eq. (9), one additional condition must be fulfilled: the imaging grating must have a basic frequency larger than half the size of the zero order (the correlation term has total width of 4Δν) plus half the size of the frequency band pass transmitted by the The distribution represented by the square brackets term in Eq. (9) can be isolated and centered digitally (removing thus the delta function effect) allowing us to recover the frequency band pass transmitted by the pupil system when the (k,l) VCSEL source is used.
Then, by sequential process, every frequency band pass transmitted by the circular pupil to each (k,l) VCSEL source can be recovered and by properly placing it to its original position in the object's spectrum, the entire object's spectrum can be fully reconstructed:
where the term between the square brackets defines the synthetic aperture (SA) of the system
Thus, except for unimportant constants, the SA generated by the suggested approach is actually the convolution of the coherent transfer function (CTF) of the system with the 2-D NxN VCSEL array. Provided that there is a diffraction order in the reference grating for each VCSEL source in the 2-D array, any SA can be generated. Moreover, note that no assumption about the properties of f(x,y) is made, so for any complex input distribution we always will reconstruct that input. This advantage is important for applications as interferometric microscopy, three-dimensional imaging or invariant pattern recognition where phase objects play an important role.
Experimental results: superresolution by shared images.
As in the previous step showing the capabilities of the proposed superresolution method, let's take a look on a particular case where no reference grating is placed in parallel to the input object. Then, onto the CCD that is placed in the output plane, an interferometric recording is done between the object's image and a shifted version of itself due to the imaging grating. We adjust the shift between images such that the shifted image coincides with a uniform transparent region (outside the test object) that acts as reference beam in the interference process. Note that the system is indeed a simplified CPI system with only one beam splitting.
In absence of the reference grating, in order to ensure that this reference beam always has enough intensity to allow the interference process, the central part of the object's spectrum needs to be transmitted by the pupil function of the imaging lens. In other words, it is necessary that the imaging lens being able to collect light of the illumination beam. Otherwise, only diffracted frequencies will be transmitted and no reference beam could be defined in the interferometric recording. The limit to accomplish the previous condition is done by tilting angles onto the input plane equal to the NA of the imaging lens. Under this condition, the central part of the object's spectrum (the one which carries the major amount of light and contains the information for the uniform regions of the object) is transmitted for every imaging system. This particular case has been experimentally tested. In the experiments, a cross shape of 3x3 VCSEL source had been sequentially activated. Those VCSEL sources are monochromatic with λ=850 nm. Results are provided for two cases. In the first, a Nikon microscope objective with 0.1NA is used to image a positive USAF resolution test target. In the second one, a Mitutoyo infinity corrected microscope objective with 0.14NA is used to image a negative USAF high-resolution test target. Fig. 3 shows the images obtained in both cases. The imaging grating has a period of 80 lp/mm and it is placed appropriately in front of the CCD to perform the previously commented interferometric recording.
According to the Fig. 3(a) , the resolution limit is 3.9 μm (Group 7, Element 1, with 128 lp/mm) in the case of Nikon objective. With the Mitutoyo objective, the resolution limit is 2.8 μm (Group 7, Element 4, with 181 lp/mm). Both experimental values match with the expected resolution according to the resolution given by R=λ/2/NA. Figure 4 shows the superresolved images for both microscope objectives when a resolution improvement factor of 2 is generated. We can see that, for the case of the Nikon objective, the overall image is resolved (2.2 μm smallest detail size corresponding to the Group 7, Element 6) and in the Mitutoyo objective case, the resolution limit is 1.5 μm corresponding to the Group 8, Element 3. Again these values are in agreement with the theoretical resolution limits with super resolving factor of approximately 2 for both lenses.
Although the resolution gain factor is modest (smaller than 2), the presented approach provides a simplified way to increase the resolution of a microscope objective with minimal complexity in the resulting imaging system while it is done only by taking into account coherent off-axis illumination and the common-path interferometric recording obtained by the insertion of a diffraction grating placed in front of the CCD. Moreover, when incoherent illumination is used in microscopy, the resolution is improved by factor of 2 in comparison with the coherent illumination case. With this approach, we demonstrate a method to make equal the resolution of coherent and incoherent illumination cases but taking the advantages of the coherent case (flat transfer function and possibility to recover the object's phase). 
Experimental results: superresolution by common-path interferometry.
Now, the proposed superresolution method analyzed in Section 2 has been experimentally tested. In contrast to Fig. 1 , the 4f optical processor has been replaced (see Fig. 5 ) by the Mitutoyo infinity corrected microscope objective described in the previous Section. Attached to the object we place a 2-D holographic grating with a period of 2.5 μm (reference grating). This period means that when a 20 degrees tilted collimated beam impinges on the input plane, the first diffraction order of the reference grating goes on axis. In order to obtain a tilted collimated beam, the VCSEL array is placed in the object focal plane of a collimation lens. Sequential activation of the VCSELs will provide the different tilts. As the Mitutoyo objective lens has 0.14NA, the tilt in the illumination beam should be 25 degrees in order to triple the resolution (or triple the synthetic NA), but since the reference grating we use here has a lower diffraction angle, the resolution is only improved by a factor of 2.5, approximately. Experimental results verify this assertion. Figure 6(a) shows the recorded hologram for on-axis illumination and a magnified region of the interference fringes. Figure 6 (b) depicts the Fourier transform of the intensity distribution in Fig. 6(a) . The interferometric recording was performed by means of a 1-D diffraction grating with a frequency of 80 lp/mm. The axial position of the grating is adjusted until the superposition of the desired terms (see Section 2) is achieved. Figure 7 depicts the superresolved image and its spectrum (showing the SA boundary). As we can see in Fig. 7(a) , the resolution limit is 1.1 μm (Group 8, Element 6), which would corresponds to a 0.38NA microscope objective. 
Conclusion and discussion
We have proposed and demonstrated an approach for enhancing the resolution of aperture limited imaging systems based on the use of tilted illumination and common-path interferometric recording. As a main advantage of the proposed method we can point the robustness and simplicity of the system, which is more stable, relatively insensitive to vibrations and require fewer optical elements than other interferometric configurations. Both the imaging and the reference for the interferometric recording follow nearly the same optical path. Thus the instabilities of the system (mechanical or due to thermal changes on both optical paths) do not affect the obtained results. The system is based on splitting the image by means of diffraction gratings near the detection plane and combining the appropriate diffraction order of a grating set close to the object. As an additional simplification, the first grating can be dropped, although then the gain in resolution is limited to a factor of 2. The shift in the object spectrum that permits the pass of lateral band-passes through the lens is performed by illuminating with an array of coherent sources that are incoherent one with each other. We use for this purpose a VCSEL array that allows recording each band-pass in a short time due to its high optical power per every emitter. Additionally, the associated digital processing to build the superresolved image is simple and fast, as it only requires simple and linear operations.
Any of the two proposed methods are simple to implement by straight-forward modifications of the object's illumination module and by adding an element near the detector plane. Thus, they can be easily integrated in any conventional microscope.
